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Abstract
Let E be a real p-uniformly smooth Banach space and let A : D(A)  E 7! E be locally
Lipschitz and strongly quasi-accretive. It is proved that a Picard recursion process converges
strongly to the unique solution of the equation Ax = f; f 2 R(A) with the convergence being
at least as fast as a geometric progression with ratio ! 2 (0; 1). Related results deal with the
convergence of Picard iterations to the xed point of locally Lipschitz strong hemicontractions
and to the solutions of nonlinear equations of the forms x+ Tx = f and x   Tx = f where
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Several iteration processes have been established for the constructive approximation of solutions
to several classes of (nonlinear) operator equations and several convergence results established
using these iterative processes (see e.g., [1-19] and the references cited therein). The most
classical of these processes seems to be the Picard process. It is a trite fact that if the Picard
process converges then other processes are virtually uninteresting for that same problem, except
possibly for the consideration of errors. For not only is the Picard process simpler, but also
whenever it converges, it normally does so at least as fast as a geometric progression with
a ratio less than 1. In fact, other iterative procedures (for instance, the averaging processes
of Krasnoselskii, Schaeer, later Mann and much later Ishikawa) were developed specically to
tackle situations where the Picard iteration process fails or seems to have failed. Thus, the recent
result of C. E. Chidume [8] that if E is an arbitrary real normed linear space and A : E 7! E
is strongly quasi-accretive and Lipschitz, then a Picard-like iteration process converges strongly
to the solution of the equation Ax = f is really interesting.
Let E be a real Banach space and E

its dual. For 1 < p < 1, the duality mapping
J
p



















where h:; :i denotes the generalized duality pairing between E and E

. Recall that a map
A : E 7! E is said to be accretive if 8 x; y 2 D(A) 9 j
p
(x  y) 2 J
p
(x  y) such that
hAx Ay; j
p
(x  y)i  0 (1)
and is said to be strongly accretive if A   kI is accretive where k 2 (0; 1) is a constant and
I denotes the identity operator on E. Let S(T ) = fx

2 D(A) : Ax

= fg 6= ; denote the
solution set of the equation Ax = f . If (1) holds for all x 2 D(A) and y = x

2 S(T ), then
A is said to be quasi-accretive. The notion of strongly quasi-accretive is similarly dened. A is
said to be m-accretive if the operator (I + A) is surjective. Related to this class of operators
is the class of dissipative operators where an operator A is said to be dissipative if and only
the operator ( A) is accretive. The notions of quasi-dissipative and m-dissipative are similarly
dened. Closely, related to the class of accretive operators is the class of pseudocontractive






h(I   T )x  (I   T )y; j
p
(x  y)i  0 (2)
Observe that T is pseudocontractive if and only if A = (I  T ) is accretive. Thus, the mapping
theory of accretive operators is intimately tied to the xed point theory of pseudocontractions.
A map T is called hemicontractive if and only if A = (I   T ) is quasi-accretive.
2 Preliminaries






kx+ yk+ kx  yk
2
  1 : kxk = 1; kyk = 





() > 0 8 > 0 then E is said to be smooth. If these exist a constant c > 0 and a real










and the Sobolev W
m
p
(1 < p <1) spaces. In fact, for 1 < p  2 these spaces
are p-uniformly smooth and for 2  p <1 they are 2-uniformly smooth.
















3.1 Iterative solution of the equation Ax = f
Theorem 1 Let E be a real p-uniformly smooth Banach space and let A : D(A)  E 7! E
be a locally Lipschitz and strongly quasi-accretive operator with open domain D(A) in E such
that the equation Ax = f has a solution x

2 D(A) for f 2 R(A) arbitrary but xed. Dene
A

: D(A) 7! E by
A

x := x  (Ax  f); 8 x 2 D(A)
Then, there exist a neighbourhood B of x

and a real number  2> (0; 1) such that starting
with an arbitrary x
0









; n  0 (3)
remains in B and converges strongly to x

with convergence being at least as fast as a geometric
progression.





fx 2 E : kx   x

k  rg  D(A). Let k 2 (0; 1) and L > 1 denote the strong accretivity and
Lipschitz constants of A respectively. Observe that f = Ax


















as in (3). We now prove that x
n








































































































2 B by choice of the initial guess, it follows by the inductive hypothesis that
the sequence fx
n


























; 8 1 < p <1































! 0 as n!1 the assertions of the theorem follow and the proof is complete. 2
3.2 Iteration of xed points of strong hemicontractions
Theorem 2 Let E be a p-uniformly smooth Banach space and let T : D(T )  E 7! E be a
locally Lipschitz strong hemicontraction with open domain D(T ) and a xed point x

2 D(T ).
For some real number  dene the mapping T

: D(T ) 7! E by
T

x := x  (I   T )x; 8 x 2 D(T ):
Then, there exist a neighbourhood B of x















; n  0 (5)
remains in B and converges strongly to x

with convergence being at least as fast as a geometric
progression.




)  D(T ) such that T
is Lipschitz on B. Let k 2 (0; 1) and L > 1 denote respectively the strong hemicontractive and
Lipschitz constants of T . Let L













and with an arbitrary x
0
2 B generate the sequence as in (5). Observe that (I   T ) is strongly
quasi-accretive. Thus, the rest follow as in the proof of Theorem 1 and the proof is complete. 2
4
3.3 Iterative solution of the equation x+ Ax = f
Theorem 3 In Theorem 1, let A be a locally Lipschitz quasi-accretive operator with open domain
D(A) such that the equation x+ Ax = f has a solution x

2 D(A). Let the sequence fx
n
g be
generated by (1) where A

: D(A)  E 7! E is dened by
A

x := x  (x+Ax  f); 8 x 2 D(A)
Then, there exist a neighbourhood B of x

and a real number  2 (0; 1) such that starting with
any initial guess x
0
2 B the sequence fx
n
g remains in B and converges strongly to x

with
convergence being at least as fast a geometric progression with ratio ! 2 (0; 1).
Proof. Observe that the operator (I + A) is strongly quasi-accretive with constant k 2 (0; 1)
and also locally Lipschitz with constant L

= (1 + L). Theorem 1, therefore, applies and the
proof is complete. 2
3.4 Iterative solution of the equation x  Ax = f
Theorem 4 Let E be a real p-uniformly smooth Banach space and let A : D(A)  E 7! E be
a locally Lipschitz quasi-dissipative operator such that the equation x  Ax = f has a solution
x

2 D(A) for all  > 0 and for f 2 R(I   A) arbitrary but xed. For some real number 
dene the operator A

: D(A) 7! E by
A

x := x  (x  Ax  f); 8 x 2 D(A)
Then, there exist a neighbourhood B of x

and a real number  2 (0; 1) such that starting
from an arbitrary initial guess x
0
2 B the sequence fx
n
g generated by (1) remains in B and
converges strongly to x

with convergence being at least as fast as a geometric progression with
ratio ! 2 (0; 1).
Proof. Since A is quasi-dissipative and locally Lipschitz with constant L > 1, we have that the
operator I   A is strongly quasi-accretive with constant k 2 (0; 1) and locally Lipschitz with
constant L

= (1 + L). The rest now follow as in the proof of Theorem 1. 2







for 1 < p < 1 and m  0 are
p-uniformly smooth. Thus, our theorems hold for large classes of spaces.
2. It is a noteworthy consequence of Theorem 1 that for locally Lipschitz strongly quasi-
accretive operators with open domains in p-uniformly smooth Banach spaces, other it-
eration processes are virtually uninsteresting for the construction of the solution to the
equation Ax = f . The iteration process used is simpler and the convergence rate at least
as fast as a geometric progression. This rate of convergence seems to provide a least upper
bound for iteration processes within this setting: the choice of  is optimal.
3. The present technique coould not readily extend the theorems to uniformly smooth spaces
as it seemed impossible to choose a xed 
0
2 (0; 1) for which convergence would be
guaranteed.
5
4. The techniques of our theorems easily extend to the case where the operators are multi-
valued once a single-valued selection cam be made; the rest is a mere repetition of the
argument above. Moreover, it is known that locally Lipschitz maps need not be continuous.
5. If the domain D(A) of the operator A is closed but with a nonempty interior, that is,
D(A)
o





6. Our theorems still hold if in, say, Theorem 1 the operator A is locally strongly quasi-
accretive and locally Lipschitz. Hence, we have the following theorem.
Theorem 5 Let E be a real p-uniformly smooth Banach space and let A : D(A)  E 7! E be
locally strongly quasi-accretive and locally Lipschitz. Suppose that the domain D(A) is open and
that the equation Ax = f has a solution x

2 D(A); 8 f 2 R(A) arbitrary but xed. For some




x := x  (Ax  f). Then, there exist a neighbourhood B of x

and a real number  such that starting with an arbitrary x
0
2 B the iterative sequence fx
n
g
generated by (3) converges strongly to x

with convergence being at least as fast as a geometric
progression with ratio ! 2 (0; 1).
Proof. Since A is locally strongly quasi-accretive, there is a real number r
1
> 0 such that A





). Also, since it is locally Lipschitz, there is a real number
r
2














A is both strongly quasi-accretive and Lipschitz in B. Let k 2 (0; 1) and L > 1 denote the
strong accretivity and Lipschitz constants of A in B respectively. The rest of the argument
now follows as in the proof of Theorem 1 and the proof is complete. 2
Obviously, similar theorems can be stated for the other theorems in this paper.
4 Conclusion
In this concluding section, we establish the strong convergence of the usual Mann and Ishikawa
iteration processes to the solution of the equation Ax = f where A is  -strongly quasi-accretive
in real Banach spaces which are both uniformly smooth and uniformly convex.
Recall that an operator A is said to be  -strongly quasi-accretive if there exists a continuous
strictly increasing function  : [0;1) 7! [0;1) with  (0) = 0 such that for all x 2 D(A); x

2
S(A) there exists j(x  x

) 2 J(x  x

) such that
hAx  f; j(x  x






If we now dene the function  : [0;1) 7! [0; 1) by
(t) :=
 (t)
1 + t+  (t)
then, it easily follows that the operator A satises the following inequality:
hAx  f; j(x  x







In the sequel, the following results of shall be needed.
Lemma R (Reich, [16]): Let E be a Banach space which is both uniformly convex and uniformly
smooth. Let A : D(A)  E 7! E be m accretive and let J
r
= (I + rA)
 1
. Then for x 2 E the
6




x exists and Q : E 7! cl(D(A)) is a nonexpansive retraction of E
onto cl(D(A)), the closure of the domain D(A) of A.
Lemma XR (Xu & Roach, [19]): Let E be a real uniformly smooth Banach space. Then, there














For the rest of this paper, Q denotes the nonexpansive retraction in Lemma R. We have the
following theorems.
Theorem 6 Let K be a closed subset of a real Banach space E which is both uniformly smooth






























































g be bounded sequences in E. Let f 2 R(A) be arbitrary but xed and dene
T : K 7! E by Tx := f+x Ax; 8x 2 K. Then, the sequence fx
n












































; n  0 (8)
converges strongly to the solution x





























































































































































































































































































































































































































































































































































)! 0 as n!1










)k ! 0 as n!1


















































































































k =  > 0. Thus, there is an integer N suciently large


































) thus by the Lemma, 
n
! 0 as n ! 1































































































































































































































as j !1. Thus, given any " > 0 there is an integer j
0




























































! 0 as n!1. Hence, there are integers N
1










































































; 8 k  0
9


















































































































which is absurd. Since the claim holds trivially for k = 0 , it holds holds for all k  0 by the
inductive hypothesis. Since, " > 0 is arbitrary, the assertion of the theorem follows immediately.
This completes the proof. 2
Theorem 7 Let K;E;A; T; f; x
































g be a bounded sequence in E. Then, the sequence fx
n


















; n  0 (10)






 0 and c
0
n
 0 in the proof of Theorem 6 and the assertion follows immediately.
2
Remarks 2 1. By setting c
n
 0  c
0
n
in Theorems 6 and 7, we obtain that the usual Mann
and Ishikawa iteration processes converge strongly under the hypothesis of our theorems.
2. The requirement that E be uniformly convex as imposed in Theorems 6 and 7 is merely
to assure the existence of the nonexpansive retraction Q; otherwise, it is sucient that E
be uniformly smooth.
3. The conclusion of Theorems 6 and 7 easily extend to the approximation of xed points of
 -strong hemicontractions and to the iterative solution of operator equations of the forms
x + Ax = f (for a quasi-accretive A) and x   Ax (for a dissipative A). Furthermore,
these theorems easily extend to set-valued maps. The details are routine.
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